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Abstract 

We solve the Cauchy problem of the Ward equation with both continuous and 
discrete scattering data. 
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1. Introduction 



The Ward equation (or the modified 2 + 1 chiral model) 

(1.1) ft (J^d t J) - d x (j~ 1 d x J) - d y (J-%J) - [J~ x d t J, J-'dyj] = 0, 

for J : R 2,1 — > SU(n), d w = d/dw, is obtained from a dimension reduction and a 
gauge fixing of the self-dual Yang-Mills equation on R 2 ' 2 [6], [11]. It is an integrable 
system which possesses the Lax pair [15] 

(1.2) [Afic -dt- J^d^J, Xd v -d x - J^d x j] = 

with £ = *±J£, T) = Note ([12]) implies that J^d^J = -d x Q, J~ 1 d x J = -d v Q. 
Then by a change of variables (77, x, — > (x, y, t), (|1.2|) is equivalent to 

(1.3) (d y -\d x )*(x,y,t,\) = (d x Q(x,y,t))y(x,y,t,\), 

(1.4) (d t -\d y )*(x,y,t,X) = (d y Q(x,y,t))*(x,y,t,X) 
[7], and the Ward equation (|1.1[) turns into: 

(1.5) fi^Q^Q + ^Q^Q]. 

The construction of solitons, and the study of the scattering properties of solitons 
of the Ward equation have been studied intensively by solving the degenerated 
Riemann-Hilbert problem and studying the limiting method [TS], [TB], [5], [T], [2], 
9J. In particular, Dai and Terng gave an explicit construction of all solitons of the 
Ward equation by establishing a theory of Backlund transformation [5] . 

On the other hand, Villarroel [14] . Fokas and Ioannidou 7J, Dai, Terng and 
Uhlenbeck ^ investigate the scattering and inverse scattering problem and solve 
the Cauchy problem of the Ward equation if the initial potential is sufficiently 
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small. Under the small data condition, the cigenfunctions ^ possesses continuous 
scattering data only and therefore the solutions for the Ward equation do not 
include the solitons in previous study. 

Observing the similarity between Lax pairs of the Ward equation and the AKNS 
system [3], [I] and transforming the spectral equation (|1.3p into a <9-equation, the 
author uses the Beals-Coifman scheme, the L2-theory of the Cauchy integral op- 
erator and estimation of the singular integral to solve the scattering and inverse 
scattering problem and the Cauchy problem of the Ward equation if the initial 
potential possesses purely continuous scattering data 18J. 

The purpose of the present paper is to apply the above existence theory and 
the Backlund transformation theory to solve the the Cauchy problem of the Ward 
equation with mixed scattering data. The scheme we will follow was developed 
by [E], [6j to construct AKNS flows and Ward equations. More precisely, we will 
generalize the results of [2] , [7J , [5] , [IB] by the following theorem: 

Theorem 1.1. If Qo G Pcc.fc.i, k>7 (see Definition^, and the poles of^Q (in- 
cluding the multiplicity) are finite and contained in C\R, then the Cauchy problem 
of the Ward equation il.5\) with initial condition Q(x,y,0) = Qo(x.y) admits a 
smooth global solution satisfying: for i + j + h < k — 4, i 2 + j > 0, 

dxQ(x 7 y,t) G su{n), 

dtdffiQ, d t Q, Q e Lao, 

dldffiQ, d t Q, Q — ► 0, as x, y, t — > oo. 

2. The Cauchy problem with purely continuous scattering data 

We summarize the results of |18j which are necessary in proving Theorem 11.11 
First of all, define the functional spaces 

Definition 1. 

1^00,^1 ,/C2 

{q x (x, y) :RxR^ su(n)\ 
ICy^L^dy), | \t h q(€,y) W{y)\L 2 (d£), 

\9 J x d l v q\ Lao , swp y \dld l y q\ Ll{dx) , \d 3 x d y q\ Ll{dxdy) < oo 
for 1 < i < max{5, ki}, < j, I < max{5, fci}, 1 < h < k\, < s < k^ }■ 
DH fe 

= {/ \d x f{x,y) are uniformly bounded in L2(R,dx), < i < k.} 

Theorem 2.1. Let Q G Poo,fe,0; k > 2. Then there is a bounded set Z C C\R such 
that 

• Z R (C\M) is discrete in C\R; 

• For X G C\ (MUZ), the problem il.3\) has a unique solution ^ and f -1 £ 
BH fc ; 

• For (x, y) elxi, the eigenfunction ^f(x, y, ■) is meromorphic in A G C\R 
with poles precisely at the points of Z ; 

• ^{x,y, A) satisfies: 

(2.1) lim *(-,y,A) = l, lim A) = 1, for A G C\ (R U Z), 

|x|^oc \y\— >OQ 

(2.2) •) tends to 1 uniformly as |A| — » oo. 
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• ^(iEjOjA) satisfies: 

(2.3) * - 1 are uniformly bounded in DH k for A £ C\ (l U X] ez D e (Xj)) . 
For any Zj £ C\R, fixing for Vfc ^ j and letting ej — > 0, these 
Li(dx) -norms increase as Cj£j hl with uniform constants Cj, hj > 0; 

(2.4) * - 1 -> in DH k as A -> oo. 

Where e > is any given constant, D e (Xj) is the disk of radius e centered at Xj. 
Finally, for X £ Z, 

(2.5) det#0,2/,A) = 1, 

(2.6) 9(x,y,\)*(x,y,\)*=I. 

Proof. See Theorem 1.1, Corollary 4.1 and Lemma 4.14 in [IS]. □ 

Theorem 2.2. For Q G Poo,fc,i, k > 7, if^± exist, then there exists uniquely a 
function v{x,y,X) such that 

V + (x,y,X) = %-(x,y,X)v(x,y,X), X e R. 

Moreover, v satisfies the algebraic constraints: 

(2.7) det {v) = 1, 

(2.8) v = v*>0, 
and the analytic constraints: for i + j < k — 4, 

(2.9) C x v = 0, v(x, y, A) = v(x + Ay, A) for Vx, y £ R, 

(2.10) 9*9^ (w - 1) are uniformly bounded in n ^(R, dA) n £i(R, dA); 

(2.11) (u - 1) -f uniformly in L x n L 2 (R, dA) n Li(R, dA) 
as |x| or \y\ — > oo; 

(2.12) d\v are in dA) and the norms depend continuously on x, y. 
Where C\ = d y — Xd x . 

Proof. Note it is of no harm to replace the condition Z = Z(*$>) — <fi by the existence 
of fy± in the proof of Theorem 1.2 in [18]. □ 

Theorem 2.3. Suppose v(x,y,X) satisfies {£8\) . and pUPp - pUg]) . k > 7. 

Then there exists a unique solution ^(x,y, ■) for the Riemann-Hilbert problem (A £ 
R, v(x, y, A)) such that 

(2.13) \& — 1, d x *i>, d y ^ are uniformly bounded in ^(R, dA). 
In addition, for each fixed X ^ R, and i + j < k — A, 

(2.14) dicVy £ Looidxdy), 

(2.15) 5^9^ (\& — 1) — > in Loo(dxdy), as x or y — > oo. 
Moreover, 

(2.16) det*(x,y,A) = 1, 

(2.17) *(as,y,t,A)*(a;,tf ) t,A)* = l. 



Proof. See Theorem 1.3 and Lemma 6.6 in [18]. Note (|2.9|) is not used in the proof 
of Theorem 1.3 in [18]. It is only used in justifying the existence of Q(x, y) (see the 
proof of Theorem 1.4 in [18]). □ 
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Theorem 2.4. If Qo £ Poo,fe,i> k > 7, and £/iere are no potes of the eigenfunction 
of Qq, then the Cauchy problem of the Ward equation hl.5\) with initial condition 
Q(x, y, 0) = Qo(x, y) admits a smooth global solution satisfying: for i+j + h < k — A. 
i 1 ■ f ■ 0. 

d x Q(x,y,t) S s«(n), 

c£a^Q, 9 t Q, Q e Loo, 

d l x dffiQ, dtQ, Q 0, as x,y,t-> oo. 

3. The Cauchy problem with purely discrete scattering data 
We review results of [5] which are necessary for the proof of Theorem 11.11 
Definition 2. 

T> = {/ : C — > M„(C) satisfies the following conditions: 

• /(A)7(A) = 1, Urn / = /. 

A — >oo 

• f is meromorphic in C\K with possible finitely many poles. 

• f± exist.}; 

D c = {/ £ T> such that f is holomorphic in C\R and /-t exist.}; 

r = {/ £ 2? smc/i £/ia£ / is rational.}. 
Z{f) = the set of poles off, for f e V. 

Theorem 3.1. For ip £ T> r and Z(f) C C + , we can factorize ip as a product of 
fx ' ■ ■ fv Where fa £ V r , Z(fi) = {z { } C C+ and z { ^ Zj if i ^ j. 

Proof. See Theorem 5.4 in (T3] and Corollary 4.5 in [5]. □ 

Definition 3. Let A (x,y), A(x,y,t), and B(x,y,t) £ M„(C). 

• rjo(x,y) is called a fundamental solution of the system 

(3.1) (d y -zd x )f = A (x,y)f, 

if for \/V(x,y) satisfies 13. there exists H (x + zy) such that 
V(x, y) = 770 (a, y)H(x + zy). 

• r)(x,y,t) is called a fundamental solution of 

(3.2) (d y -zd x )f = A(x,y,t)f, 

(3.3) (d t -zd y )f = B(x,y,t)f, 

if forW(x,y,t) satisfies 13.2]) , H3.3\) . there exists H (x + zy + z 2 t) such that 
V(x, y, t) — n(x, y, t)H(x + zy + z 2 t). 
The next goal is to solve the following Cauchy problem (|3.4[) - (|3. 13|) . 
Theorem 3.2. Suppose there exist Ao(x,y), ^o{x,y,X) such that 

(3.4) (d y - Xd x )^ (x, y, A) = A (x, y)V (x, y, A), 
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and 

(3.5) ^o(x,y, •) G T> r , Z(^q) = {z} with multiplicity k, 

(3.6) dld^o E Loo for i+j<N, and A G C\{z} fixed, 

(3.7) lim d l M (*o - Ci) = /or i + j <N, and A G C\{z} /ized. 

a~ 2 -fy 2 — >oo 

Where C\ is independent ofx, y. Then there exist ^(x,y,t, X), A(x,y,i), B{x,y,t) 
such that 

(3.8) (fy - A0 x )*(a:, y, i, A) = y, (re, y, t, A), 

(3.9) (9 t - Xd y )V(x, y, t, X) = B(x, y, *)*(*, y, *, A), 

(3.10) tf(x,tf,0,A) = #o(sB,V,A), i4(x,y,0)=i4 (as,tf) ) 
and 

(3.11) ^(x,y,t, •) G 2? r , Z(ty) = {z} with multiplicity k, 

(3.12) dldffi^ G Loo for i+j + h< N, and X G C\{z} /tared, 
(3.13) 

lim diWd? (* Q - Cx) = /or i+ j + h < N, and X G C\{z} /ked. 
x 2 +y 2 +f 2 — >oo 

Proof. This theorem is indeed a rephrase of a very decent result (Theorem 8.6) in 
(5J- For convenience, the proof is sketched here. The theorem will be proved by 
simultaneously establishing (|3.8() - ()3.13[1 . and the following statements (|3.14[) - (|3.18|) : 

(3.14) There exists a fundamental solution, rj^{x,y), of i3.1]) : 

(3.15) There exists a fundamental solution, r)(x,y,t), of i|3.2|) and 

(3.16) n(x,y,0) = r) (x,y); 

(3.17) dldffiri G L m /or i + j + ft < iV, and X G C\{z} /?a;ed; 

(3.18) lim 9*ajd t ft (r? - C 2 ) = /or i + j + h < N, and X G C\{z} /ixed. 

x 2 +y 2 +t 2 ^c>o 

Where C2 is independent of a;, y. 

Suppose fc = 1. By the results of [13], [15], [17], one has 

(3.19) *o(z,y,A) = l + £— ^(a:,!,), 

A — Z 

(3.20) A)(z,y) = (^-^)9 x 7r . 

Where ttq(x, y) : K x K — » C", 7Tq = ttq, ttq = ttq, Iimrg is spanned by columns of 

(3.21) V(x + zy), V : C — > M nxr is holomorphic except at {pi, ■ ■ ■ ,p s }, 

and M nxr denotes the space of rank r complex n x r matrices. Note by p.6[) . one 
can find another V(x + zy), V : C — > M nxr is holomorphic in the neighborhood 
of pi, ■ • ■ , p s , and Im7To is spanned by columns of V. Hence (j3. 19|) - (I3.21[) hold for 
Vat, y. 

Now let us define 

■f(x,y,t,X) =l + % — -ir x (x,y,t), 
A — z 

tt(x, i/,i):lxlxl^C, tt* = tt, tt 2 = tt, 
Im7r is spanned by columns of V(x + zy + z 2 t), 
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then (|3.8p - (l3.13|) are satisfied with 

(3.22) A(x,y,t) = (z - z)d x 7r, B(x,y,t) = (z - z)d y n. 

To prove (I3.14p - (I3.18|) . by a Dai and Terng's construction (Theorem 8.6 in [5]), 
one can find a fundamental solution rj(x, y, t) of (|3.2p and (|3.3[) by defining 

v(x, y, t) = [6 • • • £„i u ni+x ■ ■ ■ u„] , 
& = lim^(:r,y,i,z + e)(a J (x+ (z + e)y+ (z + e) 2 i)), 

c— >0 

u,- = lim ^(x, y,t,z + e)(ebj(x + (z + e)y + (z + e) 2 t)), 

e— >0 

a\, ■ ■ ■ , a ni span Im7r, tt (b ni+ i), ■ ■ ■ , n ± (b n ) span Jmir . 

Defining T}o(x,y) by (j3~T6|) and using (|3^| - (|3T0| . (|3T2|) . (f3TT3|) . the invertibility of 
77, one has (jOIj) . (j3"T7) , and (|3~T5|) . 

Now suppose (j3.8p ~ p.18p hold for /c and assume that Z(^f ) = {z} with mul- 
tiplicity k + 1. Using the minimal factorization property of elements in P r (sec 
Section 4 and Theorem 8.1 in [5]), one would obtain 



(3-23) ty (x, y, A) = g z ^ k+1 ^ k ,a{x, y, A), 

(3-24) &-, fc+ -,o(a;, y, A) = 1 + - — -7r^- +1 (a;, y), 

(3.25) (0„ - Ad*)^,- = A kfi {x,y)^ kfl , 
and 

(3.26) € T> r , Z(^f ki0 ) = {z} with multiplicity k, 



(3.27) <>j)! /!I: ,-. .. d£9^ M € ioo /or i + 3 < N, and A € C\{z} /ked; 

(3.28) ^flj (<?_,*-+-,„ - Os) - 0, ^flj (* fci0 - C 4 ) -> as |a;|, or |y| -» 00, 

and A 6 C\{z} fixed. 

Where C3, C4 are independent of x, y. Conditions (|3.23p - (|3.28p , (|3.4p . and Propo- 
sition 7.1, 7.4 in [5] conclude that there exist 



(3.29) n,o(x,y),-" ,Tn h+1 fi{x,y) spanImirk+i,o, 

(3.30) (d y - zd x )Tj,o = Ak,o(x, y)rj,o, 

(3.31) -^Tj, - £ ioo fori + h< N, and A G C\{z} fixed, 

(3.32) d l x dy (Tj.o — Cj) os or y| — * 00, and A G C\{z} /sired. 

Where Cj are independent of x, y. Besides, by p.25p - Q3.28p . and the induction 
hypothesis, there exists a fundamental solution r) ki o(x, y) of (|3.30p . Hence there are 
Hi, ■ ■■ , H nh+1 : C -> M n xi such that 

(3.33) T jfi (x,y) =r)k,o(x,y)Hj(x + zy), 

(3.34) d^Hj eL^fori + hKN, and A G C\{z} fixed, 

(3.35) d^dy (Hj — c'j) — > as \x\, or \y\ — > 00, and A G C\{z} fixed. 



Where dj are independent of x, y. Moreover, by induction, one can find ^f k (x, y, t, A) 
solution of p~B|) - ([3~TS|) . rj k a solution of t(57T5]) - ((57T5]) with * , A), A, B, rj , n 
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replaced by ^>k,o, M,o, A k , B kl n k ,o, Vk- So by (|3.33|) . (|3.29j) . and (|3.23|) . one can 
extend Tj,o(x,y), 7Tfc+i,o, * by 

Tjfa:, y, *) = 2/, (z + zy + zH), 

TTk+i(x, y, t), a Hermitian projection on the space spanned by Tj, 
$(x, y, t, A) = g z ^ k+1 ^ k (x, y, t, A). 

Therefore, we can apply Lemma 8.2, and Proposition 7.1 in [5] to prove (|3.8|) - (|3.13|) 
for the case of k + 1. 

To prove (|3. 14|) - ()3. 18|1 for the case of k + 1, by a Dai and Terng's construction, 
one can find a fundamental solution r/(x, y, t) of (|3.2| and (|3.3|) by defining 

rj(x, y, t)=[£i-- - £n k+1 Ci ■■■ Cn-n k+1 ] , 
= lim 9z,7T k+1 (x,y,t,z+ e) (aj (x + (z + e)y + (z + e) 2 t)) , 
ai, a nk+1 span Im7r fe+ i, ( 1; ■ • ■ , ( n -n k+1 span ni+^u. 

Defining n (x,y) by (pUB]) and using (f3~8 |) - (f3~TU]) . (j3~T2"l) . (l3~T3]) . the invertibility of 
r], one has (|3~T4]) . (j3"T7) , and (j3"T5|) . □ 

Theorem 3.3. Suppose both f(x,y,t, A) and g(x,y,t, X) satisfy t3.8\) . i3. ffj) wzi/i 
different A, B. If Z (g) = {z} wit/i multiplicity of k, and f is holomorphic and 
non- degenerate at z, z. Then there exist unique f and g such that 

• Z (g) = {z} with multiplicity of k, f is holomorphic and non- degenerate at 
z, z. 

• * = f~9 = fjf satisfies (3.8\) . i3.9\) with new A, B. 
Moreover, if for i + j + h < N, and A e C\ ({z} U Z(f)) fixed, 

(3.36) iKH-iKf. dldffig e /. , 

(3.37) lim did^(f-C 1 )= lim <? x SP y d h t (g - C 2 ) = 

a; 2 +y 2 +t 2 -*oo w a; 2 +y 2 +t 2 ^oo w 

i/ien fori+j + h<N, and A G C\ ({z} U Z(/)) fixed, 

(3.38) ^c^* e 

(3.39) lim fljaja*(*-C 3 ) = 0. 

a; 2 +y 2 +t 2 ^oo 

Where C\, C2, C3 are independent of x, y, t. 

Proof. See Theorem 6.1 in [5]. Note the regularity property (|3.38p and the asymp- 
totic property (|3.39[) are proved by using the property " ' each component of the 
minimal factorization of g satisfies (|3.36p . and (|3.37p " '. □ 

The same argument yields 

Theorem 3.4. Suppose both f(x,y,X) and g(x,y,X) satisfy j3.4\ l with different 
A . If Z (/) — {z} with multiplicity ofk, and g is holomorphic and non-degenerate 
at z, z. Then there exist unique f and g such that 

• Z ^/J = {z} with multiplicity of k, g is holomorphic and non- degenerate 
at z, z. 

• \& = fg = gf satisfies {3.$ with a new Aq. 
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4. The Cauchy problem: Mixed scattering data 

Lemma 4.1. For Q G P«>,M, k > 7 > if z = z (^) is fi nite and z H R = 0, i/ien 
i/iere eiisi uniquely /, / € C c , T> T , such that 

(4-1) * = /g = g/ . 

Moreover, for i + j < k — 4, and A G C\ (R U Z) fixed, 
(4-2) 9^/, 5^/, ^5 G Loo: 

(4.3) - 1), didi( g - 1), 1), a*aj(§ - 1) - o, ™ v - oo ; 

(4.4) det/ = detfif = det/ = det§ = 1. 

Proof. Since Z is finite. Theorem 12.11 implies the existence of ^ ±. Hence Theorem 
12.21 implies that: 3 v c (x, y, A), A G R such that 

(4.5) = *_w c ; 

v c satisfies the algebraic and analytic constraints \2. 7j) -i T2T2j) . 

By Theorem 12.31 we can find a function f(x,y, A), such that / satisfies (|4.2p - (|4.4l) . 

f(x,y, •) G P c , and 

(4.6) /+ = f-v c . 

Hence if we define g = then Theorem |2~TI f(x, y, •) £ P c , ((475]) . (gTHJ) and Z 

is finite imply 

g{x,y,X) G XV andg(x,y,-) satisfies £Pfy 

Hence we prove the existence of / and g. 

Besides, using a similar argument as that in the proof of Theorem 12.21 there 
exists v c (x, y,X), A G R such that 

(4.7) *+ = u c *_; 

v c satisfies the algebraic and analytic constraints \2. 7\) - t2.12\) except \2.9)) . 

By a similar argument as that in the proof of Theorem 12. 3i there exists a function 
f(x,y,X), such that / satisfies (|4.2[) . (|4.3[) . f(x,y, •) G T> c , and 

(4.8) f+ = v c f- 

Hence if we define g = f- 1 ^, then Theorem O f(x,y,-)eV c , (|4"7T]) . flU) and Z 
is finite imply g(x,y,-) £ XV and g satisfies (|4.2p - (|4.4l) . 

Suppose W = 51/1 = <?/ where /i, 51 satisfy the statement of the theorem. 
Hence g~ x g\ = ff\- The right hand side is holomorphic in C\R, the left hand 
side is continuous across the real line and tends to 1 at infinity. Thus the Liouville 
theorem yields g~ x gi = f fx = 1 and we prove the uniqueness of / and g. The 
uniqueness of / and g can be obtained by analogy. □ 

Lemma 4.2. Suppose * satisfies {34% ^(x,y,-) G V, and Z{^>) C C+. If 

(4.9) * = 1pm = g 2 ip2, 

(4.10) g t G XV, Z( 9i ) = { Zl } C Z(*), Zi G C+, 

(4.11) Zi i Z(ik), 
for i = 1, 2. Then 

(C\gi) gi 1 , {C\ipi) i})^ 1 are independent of X. 
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Where L\ = d y — \d x . 

Proof. The A-independence of (C\g\) g^ 1 has been proved by Theorem 6.5 in [5]. 
We can use the same method to show the A-independence of (Cxfa) V>2~ • That is, 
by (|4.9p and a direct computation, we have 

(4.12) g^ 1 [(^a*)*- 1 - {Cx92)g2 1 ] 92 = (C^)^ 1 - 

Note ([430]) . P~TTj) imply that (£ a t/> 2 ) t/;" 1 is holomorphic at z, z. Using (j4~TU)) . 
(|3.4p and the left side of (|4.12[) , one has that (Lxfo) "02" 1 is holomorphic outside 
{z, z}. Moreover, (C\4>2) V'2" 1 i s bounded at 00 by 52 G LV, (|3.4p . and the left side 
of (|4.12p . By the Liouville's theorem, (C\i/j2) ^2 1S independent of A. □ 



Proof of Theorem ll.il Since (|1.5p is the compatibility condition of (|1.3| . (|1.4 
To prove Theorem 1 1.1[ it is sufhcient to show the following theorem. 

Theorem 4.1. For Q G Poo,fc,i> k > 7, if Z = Z(* ) w /m^e and ZflK = ^ 
i/ien 3^(x, y, t, A), Q(x,y,t) such that 

(4.13) (0„ - A9 x )*(x, y, t, A) = {d x Q(x, y, t)) 9(x, y, t, A), 

(4.14) (ft - \d y )*(x, y, t, A) = (d y Q(x, y, t)) 9(x, y, t, A), 
Q(x,y,0) = Q (x,y). 

Moreover, fori+j + h<N, and A £ C\ (K U Z) fixed, 

(4.15) dld 3 y d^ £ Loo, 

(4.16) fijfiifi? (* - 1) -»■ as x, or y, or t -> 00. 



Lroo/. By Lemma[OJ one has * = /offo = ffo/o with / , / £ X> c , .90, go £ A- and 
(|4~2]) . (|43|) being satisfied. Since Z = Z(^ ) is finite and Z n K = 0. Successively 



multiplying by factors as ^_^ J , Zj G Z{^q) n C , one obtains 

(4.17) (fi, - AS*)*^, y, A) = ^(x, y)*' (z, y, A), 

(4-18) *o = /o5o=.9o/o, 

(4.19) /o, /o G P c , 50 G P r , 

(4.20) = - c C+, 

and for i + j < k - 4, and A £ C\ (R U Z), 

(4.21) fiifi^/o, fi^ G Loo, 

(4.22) Km ^flj (/o - 1) = Km ^flj (^ - CI) = 

Where C is a scalar which is independent of x, y. Moreover, by (|4.19[) , (|4.20[) . and 
Theorem 13. 11 one can factorize 



(4.23) g' = g' 01 ■ ■ ■ g' ok , g' = g' 01 ■ ■ ■ g' o k , g' 0J , g j £ XV, 

(4.24) Z(g' 0J ) = {a 3 } £ C+ Z(g' 0J ) = {&•} C C+, 

(4.25) ai^aj, Pi^Pj.ifi^j. 
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To prove the theorem, it is equivalent to showing the solvability of the following 
Cauchy problem 

(4.26) (d y - Xd x )*'(x, y, t, A) = A'(x, y, t)*'(x, y, t, A), 

(4.27) (d t - Xd v )*'(x, y, t, A) = B'(x, y, t)*'(x, y, t, A), 

(4.28) *'(x,y,0,X) = %(x,y,X), A'(x, y, 0) = A' (x, y), 

as well for i + j + h < k - 4, and A e C\ (K U Z) fixed, 

(4.29) fljaj^*' G ioo 

(4.30) did^d* - CI) -»■ as \x\, or \y\, or \t\ -> oo. 

Since (|4.13ll . (|4.14| follow by computing the compatibility conditions of (|4.26| . 
(I4.27[) . We are going to justify the solvability by inducing on the length k (the 
multiplicity) in ([4723jl . 

For k = 1, by (HTT)) . I[4"35]) . Lemma I3~2l there exist A^ (x,y), A C)0 (a:,y) such 
that 

(4.31) (Sy - \d x )g' (x, y, A) = A' r0 (x, y)g' {x, y, A), 

(4.32) (d y -Xd x )fo(x,y,X) = A c , (x,y)f (x,y,X). 
By (|4~T9| . (|4~2T|) . (|4~22|) and Theorem [3JJ one can find 

(4.33) (a„ - Xd x )g'(x, y, t, A) = A' r (x, y, t)g'(x, y, t, A), 

(4.34) (d t - Xd y )g'(x, y, t, X) = B' r (x, y, t)g'(x, y, t, A), 

(4.35) g'(x,y,0,X)=g' (x,y,X), A' r {x, y, 0) = A' r>Q (x, y), 

(4.36) g'(x,y,t,-)eV r , Z(g'(x,y,t,-)) = {ax}, 
and for i + j + ft, < fc — 4, A £ C\{z} fixed, 

(4.37) c^3 t V G £00 

(4.38) Km 9^9 t fe ( 5 '-C/)=0. 

By (|432]) . {HE}, (|4~2T|) . ([4~22]) . Lemma O and Theorem EU one can find 

(4.39) {d y - Xd x )f(x, y, t, X) = A c {x, y, t)f(x, y, t, A), 

(4.40) (8 t - Xd y )f(x, y, t, X) = B c {x, y, t)f(x, y, t, A), 
(4-41) f(x,y,0,X) = f (x,y,X), A c (x, y, 0) = A cfi (x, y), 
(4-42) f(x,y,t,-)GV c , 

and for i + j + h < k - 4, A e C\M, 

(4.43) G ioo, 

(4.44) lim aja$« (/-/) = 0. 

x 2 -\-y 2 -\-t 2 — >oo 



Therefore, applying Theorem 13.31 we can find a unique 
(4.45) *'(x,y,t,X) = fg' = g'f 

such that satisfies (|4T26]) . (j4~27l) . (|4~29|) . (l4~30l . and Z(g'(x,y,t, •)) = {qi}. 

One the other hand, by (l4~l"8l) . (j4~T9|) , (|43T|) . (|4~32|) . and Theorem E31 we have 
^o(x,y, X), fo(x,y,X), g' (x,y,X) are the unique functions which satisfiy (14.171) . 
Since g'(x, y, 0, A) = g' (x,y, A), f(x,y,0,X) = f (x,y,X), we derive *'(x,y,0, A) = 



THE CAUCHY PROBLEM OF THE WARD EQUATION WITH MIXED SCATTERING DATA1 



%(x,y,X). As a result, A'(x,y,0) = A' (x,y) by ([47T7|> . (|4~26l) and we prove the 
theorem in case of k = 1 . 
For k > 1, we define 



(4-46) / fc _i,o = /o.9o,i---So, fe -i, 

(4-47) / fc _i,o = 3o,2"-5o,fc/o- 

Then (l4~18l) . ((4~23)l . (14^61) . (14471) imply 

(4-48) * = fk-i,o9'o,k = 9o,ifk-i,o, 

(4.49) Z(ffi ifc ) - {a} C C+, a i Z{f k -i fi ) C C 

(4.50) Z(&,i) = {/?} CC+,^ Z(/*-i,o) C C 



So by (|4T71) , (|4n51) - (j4~501) , and Lemma |4~21 there exist A'[ fi (x,y), A'^ (x,y) such 
that 

(d y - Xd x )g' ok (x,y,X) = A" (x,y)g' o k (x,y, X), 
(d y - Xd x )fk-ifi(x,y,\) = A / l (x,y)f k - lfi (x,y,X). 

Hence one can prove the theorem in case of k > 1 by repeating the previous ar- 
guments except using the induction hypothesis to obtain the solution of the Cauchy 
problem 

(d y - Xd x )fk~i(x, y, t, X) = A"(x,y,t)f k -x(x,y,t,X), 
(d t - Xdy)f k - 1 (x,y,t,X) = B"(x, y, t)f k -i(x, y, t, A), 
fk-i(x,y,0,X) = f k -ifi(x,y,X), A"(x,y,0) = A" fi (x,y). 

□ 

We conclude this report by a brief remark on examples of Qq 6 Poo.fc.i, k > 7, 
and Z(^/q) < oo. First we let v(x, y, A) = v(x + Ay, A) satisfy 

det(u) = 1, v = v* > 0, v-leS, 

and for Vi, j, h > 0, 

didyd^ {v - 1) G i 2 (R, <2A) n Li(R, dA) uniformly, 

d l x d y dx (v — 1) — » m ^(R, rfA) uniformly, as \x\, \y\ — » oo. 

Here <S is the space of Schwartz functions. We can solve the inverse problem and 
obtain -00 £ <5 by the argument in proving Theorem 12.11 Note here we need to 
use the reality condition v = v* > to show the global solvability. Moreover, by 
using the fomula qo(x,y) — ^ f n ipo,-( v ~ l)d£, one obtains that go 1S Schwartz 
and possesses purely continuous scattering data. 

Therefore, one can successively apply the theory of adding (or substracting) 
1-soliton in [6] to construct Qo such that Qo G Poo,fe,i, k > 7, and Z(Wo) < oo. 
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